CHARACTERIZATIONS OF COMPACTNESS
The proof of the next lemma is not difficult.
Lemma 6. If X is complete, then every nonempty subset of X which is bounded above has a supremum, and the lower sets are lattices.
Theorem 7. The following are equivalent:
(i) X is compact;
(ii) X z's closed above and complete;
(iii) X has the ¡.p.p. ¡or increasing functions and the lower sets are lattices.
Proof. For (i) implies (ii), assume that X is compact. Then X is complete by Lemma 3. Let C be a nonempty chain in X. Then |M(x)|x £ C\ has f.i.p. since C is a chain. So flíMx)|x £ C\ 4= 0 since X is compact.
Thus C is bounded above. Apply Lemma 6. For (ii) implies (iii), assume that X is closed above and complete. Then X has a least element; namely, e = AX. Then Lemma 1 implies that X has the f.p.p. for increasing functions. Lemma 6 implies that the lower sets are lattices. Finally, (iii) implies (i) is exactly Theorem 5.
